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Abstract
In this paper, we propose a novel and efficient differential quadra-
ture element based on Lagrange interpolation to solve a sixth order
partial differential equations encountered in non-classical beam theo-
ries. These non-classical theories render displacement, slope and cur-
vature as degrees of freedom for an Euler-Bernoulli beam. A gener-
alize scheme is presented herein to implementation the multi-degrees
degrees of freedom associated with these non-classical theories in a
simplified and efficient way. The proposed element has displacement
as the only degree of freedom in the domain, whereas, at the bound-
aries it has displacement, slope and curvature. Further, we extend this
methodology and formulate two novel versions of plate element for gra-
dient elasticity theory. In the first version, Lagrange interpolation is
assumed in x and y directions and the second version is based on mixed
interpolation, with Lagrange interpolation in x direction and Hermite
interpolation in y direction. The procedure to compute the modified
weighting coefficients by incorporating the classical and non-classical
boundary conditions is explained. The efficiency of the proposed ele-
ments is demonstrated through numerical examples on static analysis
of gradient elastic beams and plates for different boundary conditions.
Keywords: Differential quadrature element, gradient elasticity, sixth
order pde, weighting coefficients, non-classical, Lagrange interpola-
tion, Lagrange-Hermite mixed interpolation
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1.0 INTRODUCTION
The differential quadrature method (DQM) is an efficient numerical tool for
the solution of initial and boundary value problems. This technique was first
introduced by Bellman et al. [1]. The major challenge in the application
of DQM to structural problems is the implementation of multiple boundary
conditions. To resolve this issue, many efficient and improved DQ schemes
were developed in recent years. A comprehensive survey on the DQM de-
velopment and the recent contributions to this field can be found in [2–4].
Bert et al. proposed a δ - method to solve problems in structural mechan-
ics [5, 6]. Subsequent developments in this technique led to the application
of this methodology to variety of problems [7–12]. As this method could
not be generalized and had limitations on accuracy, an alternative scheme
was proposed which accounted boundary conditions during the formulation
of weighting coefficients [13]. However, this method also could not be gen-
eralized and worked only for few specific types of boundary conditions and
structures with constrained regular edges. Further improvement in these
schemes were discussed in the articles by Du et al. [14, 15].
To address the difficulties in applying the DQ method for structures with
discontinuous loading and geometry, Striz et al. [16,17] developed a quadra-
ture element method (QEM), however, due to the use of δ - technique the
scope of this method was limited. Later, Wang et al. [18] and Chen et al. [12]
proposed a differential quadrature element method (DQEM) which assumes
the slope as an independent degree of freedom at the boundary. The main ad-
vantage of this method is only one grid point is required to represent the mul-
tiple degrees of freedom at the boundary. Further improvement in this field
led to the development of a new method called the generalized differential
quadrature rule (GDQR) [19–21]. Following this many researchers applied
DEQM and GDQR techniques to variety of structural problems [22–29].
In the above DQEM and GDQR techniques, Hermit interpolation func-
tions were used to determine the weighting coefficients. In contrast, Wang et
al. [28] employed the weighting coefficients based on Lagrange interpolation
functions. The research inclination in the aforesaid publications was towards
the solution of fourth order partial differential equations which governs the
problems related to classical beam and plate theories. The DQ solution for
the sixth and eighth order differential equations using GDQR technique with
Hermite interpolation function was reported by Wu et al. [30,31]. They have
demonstrated the capability for structural and fluid mechanics problems. Re-
cently, Wang et al. [32] proposed a new differential quadrature element based
on Hermite interpolation to solve a sixth order partial differential equation
governing the non-local Euler-Bernoulli beam. In their study, they have
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computed the frequencies for various combination of boundary conditions.
The classical continuum theories are effective for macro scale modelling
of structural elements, neverthless, they lack efficiency to model the nano
scale systems. These classical theories are governed by fourth order partial
differential equations. To overcome this difficulty, several scale-dependent
non-classical continuum theories are reported in the literature [33–37]. These
non-classical continuum theories are enriched versions of classical continuum
theories incorporating higher order terms in the constitutive relations. These
higher order terms consists of stress and strain gradients accompanied with
intrinsic length scale parameters which account for scale effects [38–41]. One
such class of gradient elasticity theory is the simplified theory by Mindlin
et al. [33], with one gradient elastic modulus and two classical constants
for structural applications. This simplified theory was used by many re-
searchers to study static, dynamic and buckling behaviour of gradient elastic
beams [42–46] and plates [47–49], by deriving the analytical solutions. Re-
cently, Pegios et.al [50] developed a finite element model for gradient elastic
Euler-Bernoulli beam and conducted static and stability analysis. The nu-
merical solution of 2-D and 3-D gradient elastic structural problems using
finite element and boundary element methods can be found in [51].
In this paper, we propose for the first time a novel differential quadra-
ture beam element based on Lagrange interpolation to solve a sixth order
partial differential equation associated with gradient elastic Euler-Bernoulli
beam theory. Further, we extend this methodology and formulate two novel
versions of plate element for gradient elastic Kirchhoff plate theory. In the
first version, the Lagrange interpolations are used in both x and y direction,
and later, mixed-interpolations are used with Lagrange interpolations in x
direction and C2 continuous Hermite in y direction. A novel way to impose
the classical and non-classical boundary conditions for gradient elastic beam
and plate elements are presented. A new procedure to compute the higher
order weighting coefficients for the proposed elements are explained in detail.
The efficiency and the performance of the elements are established through
numerical examples.
1 Strain gradient elasticity theory
Mindlin’s [33] strain gradient micro-elasticity theory with two classical and
one non-classical material constants is consider in the present study. The
two classical material constants are Lame
′
constants and the non-classical
one is related to intrinsic bulk length g. In what follows, the theoretical
basis required to formulate the differential quadrature beam and plate ele-
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ment for gradient elasticity theory are presented. Further, the classical and
non-classical boundary conditions associated with the gradient elastic Euler-
Bernoulli beam and Kirchhoff plate are discussed.
1.1 Gradient elastic Euler-Bernoulli beam
The stress-strain relations for 1-D gradient elastic theory are defined as [44,
52]
τ = 2 µ ε+ λ trε I
ς = g2 [2 µ ∇ε+ λ ∇(trε) I] (1)
where, λ, µ are Lame
′
constants.∇ = ∂
∂x
+ ∂
∂y
is the Laplacian operator and
I is the unit tensor. τ , ς denotes Cauchy and higher order stress respectively,
ε and (tr ε) are the classical strain and its trace which are expressed in terms
of displacement vector w as:
ε =
1
2
(∇w + w∇) , trε = ∇w (2)
It follows from the above equations the constitutive relations for an Euler-
Bernoulli gradient beam can be stated as
τx = Eεx, ςx = g
2ε
′
x, εx = −z
∂2w(x, t)
∂x2
(3)
For the above state of stress and strain the strain energy expression in terms
of displacement can be written as
Ub =
1
2
∫ L
0
EI
[
(w
′′
)2 + g2(w
′′′
)2
]
dx (4)
The potential energy of the applied load is given by
Vb =
∫ L
0
qb(x)wdx+
[
V w
]L
0
− [Mw′]L
0
− [M¯w′′]L
0
(5)
The total potential energy of the beam is given by
Πb = Ub + Vb (6)
where, E, A and I are the Young’s modulus, area, moment of inertia, respec-
tively. qb and w(x, t) are the transverse load and displacement of the beam.
V , M and M¯ are shear force, bending moment and higher order moment
acting on the beam.
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Using the principle of minimum potential energy [55]:
δΠb = δ(Ub + Vb) = 0 (7)
and performing integration by parts, we get the governing equation for a
gradient elastic Euler-Bernoulli beam as
EI(w′8′ − g2w8′′) + qb = 0 (8)
and the associated boundary conditions are:
Classical :
V = EI[w
′′′ − g2w8′] = 0 or w = 0, at x = (0, L)
M = EI[w
′′ − g2w′8′] = 0 or w′ = 0, at x = (0, L) (9)
Non-classical :
M¯ = [g2EIw
′′′
] = 0 or w
′′
= 0, at x = (0, L) (10)
The list of classical and non-classical boundary conditions employed in the
present study for a gradient elastic Euler-Bernoulli beam are as follows
Simply supported :
classical : w = M = 0 , non-classical : w
′′
= 0 at x = (0, L)
Clamped :
classical : w = w
′
= 0 , non-classical : w
′′
= 0 at x = (0, L)
Next, the constitutive relations, governing equation and the associated
classical and non-classical boundary conditions for a gradient Kirchhoff plate
are presented.
1.2 Gradient elastic Kirchhoff plate
The strain-displacement relations for a Kirchhoff’s plate theory can be de-
fined as [56]
εxx = −zw¯xx, εyy = −zw¯yy, γxy = 2εxy = −2zw¯xy (11)
where, w¯(x, y, t) is transverse displacement of the plate. The stress-strain
relations for a gradient elastic Kirchhoff plate is given by [37,52]:
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Classical:
τxx =
E
1− ν2 (εxx + νεyy)
τyy =
E
1− ν2 (εyy + νεxx) (12)
τxy =
E
1 + ν
εxy
Non-classical:
ςxx =g
2 E
1− ν2∇
2(εxx + νεyy)
ςyy =g
2 E
1− ν2∇
2(εyy + νεxx) (13)
ςxy =g
2 E
1 + ν
∇2εxy
where, τxx, τyy,τxy, are the classical Cauchy stresses and ςxx,ςyy, ςxy denotes
higher order stresses related to gradient elasticity.
The strain energy for a gradient elastic Kirchhoff plate is given by [37,49]:
Up = Ucl + Usg (14)
where, Ucl and Usg are the classical and gradient elastic strain energy given
by
Ucl =
1
2
D
∫ ∫
A
[
w¯2xx + w¯
2
yy + 2w¯
2
xy + 2 ν (w¯xxw¯yy − w¯2xy)
]
dxdy (15)
Usg =
1
2
g2D
∫ ∫
A
[
w¯2xxx + w¯
2
yyy + 3(w¯
2
xyy + w¯
2
xxy) + 2 ν (w¯xyyw¯xxx+
w¯xxyw¯yyy − w¯2xyy − w¯2xxy
]
dxdy (16)
here, D = Eh
3
12(1−ν2) .
The potential energy of the external load is defined as
Wp =
∫ ∫
A
q0(x, y)w¯ dxdy +
∫
s
Vnw¯ ds−
∫
s
Mn w¯
′
(n) ds−
∫
s
M¯n w¯
′′
(n) ds
(17)
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where q0 is the transverse load on the plate. n and s are the normal and
tangential to the boundary point corresponding to x and y coordinates axis.
Using the principle of minimum potential energy and performing integra-
tion by parts over the area, we obtain the governing equation for a gradient
elastic Kirchhoff plate as
D∇4w¯ − g2D∇6w¯ − q0 = 0 (18)
where,
∇4 = ∂
4w¯
∂x4
+
∂4w¯
∂y4
+ 2
∂4w¯
∂x2∂y2
,
∇6 = ∂
6w¯
∂x6
+
∂6w¯
∂y6
+ 3
∂6w¯
∂x4∂y2
+ 3
∂6w¯
∂x2∂y4
the associated boundary conditions for the plate with domain defined over
(0 ≤ x ≤ lx), (0 ≤ y ≤ ly), are listed below.
Classical boundary conditions :
Vx = −D
(
∂3w¯
∂x3
+ (2− ν) ∂
3w¯
∂x∂y2
)
+ g2D
[
∂5w¯
∂x5
+ (3− ν) ∂
5w¯
∂x∂y4
+ 3
∂5w¯
∂y2∂x3
]
= 0
or
w¯ = 0, at x = (0, lx)
Vy = −D
(
∂3w¯
∂y3
+ (2− ν) ∂
3w¯
∂y∂x2
)
+ g2D
[
∂5w¯
∂y5
+ (3− ν) ∂
5w¯
∂y∂x4
+ 3
∂5w¯
∂x2∂y3
]
= 0
or
w¯ = 0, at y = (0, ly)
(19)
7
Mx = −D
(
∂2w¯
∂x2
+ ν
∂2w¯
∂y2
)
+ g2D
[
∂4w¯
∂x4
+ ν
∂4w¯
∂y4
+ (3− ν) ∂
4w¯
∂x2∂y2
]
= 0
or
w¯x = 0, at x = (0, lx)
My = −D
(
∂2w¯
∂y2
+ ν
∂2w¯
∂x2
)
+ g2D
[
∂4w¯
∂y4
+ ν
∂4w¯
∂x4
+ (3− ν) ∂
4w¯
∂x2∂y2
]
= 0
or
w¯y = 0, at y = (0, ly)
(20)
Non-classical boundary conditions :
M¯x = −g2D
(
∂3w¯
∂x3
+ ν
∂3w¯
∂x∂y2
)
= 0 or w¯xx = 0, at x = (0, lx)
M¯y = −g2D
(
∂3w¯
∂y3
+ ν
∂3w¯
∂y∂x2
)
= 0 or w¯yy = 0, at y = (0, ly) (21)
The concentrated force at the free corner is given by
R = 2D(1− ν) ∂
2w¯
∂x∂y
− 2g2D(1− ν)
[
∂4w¯
∂x3∂y
+
∂4w¯
∂y3∂x
]
(22)
where lx and ly are the length and width of the plate. Vx,Vy are the shear
force, Mx,My are the bending moment and M¯x, M¯y are the higher order mo-
ment. R is the concentrated force at the free corner.
The different boundary conditions employed in the present study for a gra-
dient elastic Kirchhoff plate are:
Simply supported edge :
w¯ = Mx = w¯x = 0 or w¯xx = 0 at x = 0, lx
w¯ = My = w¯y = 0 or w¯yy = 0 at y = 0, ly
Clamped edge :
w¯ = w¯x = w¯xx = 0 at x = 0, lx
w¯ = w¯y = w¯yy = 0 at y = 0, ly
Free edge :
Vx = Mx = M¯x = 0 at x = 0, lx
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Vy = My = M¯y = 0 at y = 0, ly
Free corner :
R = Mx = My = M¯x = M¯y = 0
2 Differential quadrature elements for gradi-
ent elasticity theory
In this section, first, we formulate a differential quadrature element based
on Lagrangian interpolation function for 1-D gradient elastic Euler-Bernoulli
beam. Next, we develop two new versions of gradient plate element with
different choice of interpolation functions. The grid employed in the present
study is unequal Gauss–Lobatto–Chebyshev points given by
zi =
1
2
[
1− cos(i− 1)pi
N − 1
]
(23)
where N is the number of grid points and z are the coordinates of the grid.
For the plate analysis N = Nx = Ny is employed.
2.1 Differential quadrature element for gradient Euler-
Bernoulli beam
The nth order derivative of the deflection w(x, t) at location xi for a N-node
1-D beam element is assumed as
wni (x, t) =
N∑
j=1
Lnj (x)wj (24)
Lj(x) are Lagrangian interpolation functions in x co-ordinate. The Lagrange
interpolation functions can be defined as [3, 4],
Lj(x) =
β(x)
β(xj)
=
N∏
k=1
(k 6=j)
(x− xk)
(xj − xk) (25)
where
β(x) = (x− x1)(x− x2) · · · (x− xj−1)(x− xj+1) · · · (x− xN)
β(xj) = (xj − x1)(xj − x2) · · · (xj − xj−1)(xj − xj+1) · · · )(xj − xN)
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The first order derivative of the above shape functions can be written as
Aij = L
′
j(xi)

N∏
k=1
(k 6=i,j)
(xi − xk)/
N∏
k=1
(k 6=j)
= (xj − xk) (i 6= j)
N∑
k=1
(k 6=i)
1
(xi−xk)
(26)
The conventional higher order weighting coefficients are computed as
Bij =
N∑
k=1
AikAkj , Cij =
N∑
k=1
BikAkj , Dij =
N∑
k=1
BikBkj , (i, j = 1, 2, ..., N)
(27)
here, Bij , Cij and Dij are weighting coefficients for second, third, and fourth
order derivative, respectively.
Let us consider a N-node gradient Euler-Bernoulli beam element as shown
in the Figure 1.
 
  𝐿  
  𝑤3    𝑤4  
  𝑤1  
  𝑤1
′′
 
  𝑤𝑁
′
 
  𝑤𝑁
′′
 
  𝑤1
′
 
   𝑤𝑁 
  𝑤2  
Figure 1: A typical differential quadrature element for an Euler-Bernoulli
gradient beam.
Each interior node has displacement w as the only degree of freedom,
and the boundary nodes has 3 degrees of freedom w, w
′
, w
′′
. These ex-
tra boundary degrees of freedom related to slope and curvature are intro-
duced in to the formulation through modifying the conventional weight-
ing coefficients. The new displacement vector now includes the slope and
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curvature as additional degrees of freedom at the element boundaries as:
wb = {w1, · · ·wN , w′1, w′N , w′′1 , w′′N}. The modified weighting coefficient ma-
trices accounting for slope and curvature degrees of freedom at the boundaries
are derived as follows:
First order derivative matrix :
A¯ij =

Aij (i, j = 1, 2, · · · , N)
0 (i = 1, 2, · · · , N ; j = N + 1, · · · , N + 4)
(28)
Second order derivative matrix :
B¯ij =

Bij (i = 2, 3, · · · , N − 1; j = 1, 2, · · · , N)
0 (i = 2, 3, · · · , N − 1; j = N + 1, · · · , N + 4)
(29)
B¯ij =
N−1∑
k=2
AikAkj (i = 1, N ; j = 1, 2, · · · , N) (30)
B¯i(N+1) = Ai1 ; B¯i(N+2) = AiN (i = 1, N) (31)
Third order derivative matrix :
C¯ij =

N∑
j=1
N∑
k=1
B¯ikAkj (i = 2, 3, ..., N − 1)
0 (i = 2, 3, · · · , N − 1; j = N + 1, · · · , N + 4)
(32)
C¯ij =
N−1∑
k=2
BikAkj (i = 1, N ; j = 1, 2, · · · , N) (33)
C¯i(N+3) = Ai1 ; C¯i(N+4) = AiN (i = 1, N) (34)
Fourth order derivative matrix :
D¯ij =
N+4∑
j=1
N∑
k=1
BikB¯kj (i = 1, 2, ..., N) (35)
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Fifth order derivative matrix :
Vij =

D¯ij (i = 2, 3, · · · , N − 1; j = 1, 2, · · · , N)
0 (i = 2, 3, · · · , N − 1; j = N + 1, · · · , N + 4)
(36)
Vij =
N−1∑
k=2
BikBkj (i = 1, N ; j = 1, 2, · · · , N)
Vi(N+3) = Bi1 ; Vi(N+4) = BiN (i = 1, N) (37)
E¯ij =
N∑
k=1
AikVkj (i = 1, 2, ..., N ; j = 1, 2, ..., N + 4) (38)
Sixth order derivative matrix :
F¯ij =
N∑
k=1
BikVkj (i = 1, 2, ..., N ; j = 1, 2, ..., N + 4) (39)
Here, A¯ij, B¯ij, C¯ij, D¯ij, E¯ij and F¯ij are first to sixth order modified
weighting coefficients matrices, respectively. Using the above Equations
(28)-(39), the governing differential equation (8), in terms of the differen-
tial quadrature at inner grid points is written as
EI
N+4∑
j=1
D¯ijw
b
j − g2EI
N+4∑
j=1
F¯ijw
b
j = qb(xi) (i = 2, 3, ..., N − 1) (40)
The boundary forces given by Equations (9)-(10), in terms of differential
quadrature are expressed as
Shear force:
Vi = EI
N+4∑
j=1
C¯ijw
b
j − g2EI
N+4∑
j=1
E¯ijw
b
j (i = 1, N) (41)
Bending moment:
Mi = EI
N+4∑
j=1
B¯ijw
b
j − g2EI
N+4∑
j=1
D¯ijw
b
j (i = 1, N) (42)
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Higher order moment:
M¯i = g
2EI
N+4∑
j=1
C¯ijw
b
j (i = 1, N) (43)
here i = 1 and i = N correspond to the left support x = 0 and right support
x = L of the beam, respectively.
Once the boundary conditions in Equations (9)-(10) are applied, we get
the following system of equations in the matrix form as
kbb kbd
kdb kdd


∆b
∆d
 =

fb
fd
 (44)
where the subscript b and d indicates the boundary and domain of the beam.
fb, ∆b and fd, ∆d are the boundary and domain forces and displacements of
the beam, respectively. Now expressing the system of equations in terms of
domain dofs ∆d, we get[
kdd − kdbk−1bb kbd
]{
∆d
}
=
{
fd − kdbk−1bb fb
}
(45)
The solution of the above system of equations renders the displacements at
the domain nodes of the beam element. The boundary displacements are
computed from Equation (44), and forces are computed from the Equations
(41)-(43).
2.2 Differential quadrature element for gradient elastic
plates
Here, we present two versions of novel differential quadrature element for a
gradient elastic Kirchhoff plate. First, the differential quadrature element
based on Lagrange interpolation in x and y direction is formulated. Next,
the differential quadrature element based on Lagrange-Hermite mixed inter-
polation, with Lagrangian interpolation is x direction and Hermite interpo-
lation assumed in y direction is presented. Similar to the beam elements
discussed in the previous section, the plate element has only displacement
w¯ as degrees of freedom in the domain and at the plate edges it has 3
degrees of freedom w¯, w¯x, w¯xx or w¯y, w¯yy depending upon the edge. At
the corners the element has five degrees of freedom w¯, w¯x, w¯y, w¯xx and
w¯yy. The new displacement vector now includes the slope and curvature
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as additional degrees of freedom at the element boundaries given by: w˜ =
{w¯i, · · · , w¯N×N , w¯jx, · · · , w¯jy, · · · , w¯jxx, · · · , w¯jyy, · · · }, where (i = 1, 2, · · · , N×
N ; j = 1, 2, · · · , 4N).
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Dofs related to 
𝑑𝑤
𝑑𝑥
 , 
𝑑2𝑤
𝑑𝑥2
 on edges  
𝑥 = 0  and 𝑥 = 𝑙𝑥 
Dofs related to 
𝑑𝑤
𝑑𝑦
 , 
𝑑2𝑤
𝑑𝑦2
 on edges  
𝑦 = 0  and 𝑦 = 𝑙𝑦 
y 
x 
Figure 2: A typical differential quadrature element for a gradient elastic
Kirchhoff plate with N = Nx = Ny = 5.
A differential quadrature gradient plate element for a Nx × Ny grid is
shown in the Figure 2. Here, Nx = Ny = 5 are the number of grid points in
x and y directions, respectively. It can be seen that the element has three
degrees of freedom on each edge and five degrees of freedom at the corners.
In the figure, the slope w¯
′
and curvature w¯
′′
dofs with first subscript 1 and
N , correspond to the edges y = 0 and y = ly, respectively. Similarly, the
slope w¯
′
and curvature w¯
′′
dofs with second subscript 1 and N , correspond
to the edges x = 0 and x = lx, respectively.
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2.2.1 Lagrange interpolation based differential quadrature ele-
ment for gradient elastic plates
The deflection for a Nx × Ny node differential quadrature rectangular plate
element is assumed as
w(x, y, t) =
Nx∑
p=1
Ny∑
q=1
Lp(x)Lq(y)w˜pq(t) (46)
where w˜pq(t) is the nodal deflection vector and L¯p(x) and L¯q(y) are the La-
grange interpolation functions in x and y directions, respectively. The slope
and curvature degrees of freedom at the element boundaries are accounted
while computing the weighting coefficients of higher order derivatives as dis-
cussed in section 2.1. Using the 1-D Lagrange interpolation functions derived
in the section 2.1, the governing differential equation (18) in the differential
quadrature syntax at inner grid points can be expressed as
D
[
Nx+4∑
r=1
D¯xprw˜rs + 2
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqB¯
y
srw˜qr +
Ny+4∑
r=1
D¯ysrw˜pr
]
−
g2D
[
Nx+4∑
r=1
F¯ xprw˜rs + 3
Nx+4∑
q=1
Ny+4∑
r=1
D¯xpqB¯
y
srw˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqD¯
y
srw˜qr+
Ny+4∑
r=1
F¯ ysrw˜pr
]
= q¯o(xp, ys)
(p = 2, 3, ..., Nx − 1; s = 2, 3, ..., Ny − 1)
(47)
The boundary forces, Equation (20)-(22), in terms of differential quadra-
ture form are expressed as
Shear force:
Vx =−D
(
Nx+4∑
r=1
C¯xprw˜rs + (2− ν)
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqB¯
y
srw˜qr
)
+
g2D
[
Nx+4∑
r=1
E¯xprw˜rs + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqD¯
y
srw˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
C¯xpqB¯
y
srw˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (48)
15
Vy =−D
(
Ny+4∑
r=1
C¯ysrw˜pr + (2− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqA¯
y
srw˜qr
)
+
g2D
[
Ny+4∑
r=1
E¯ysrw˜pr + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
D¯xpqA¯
y
srw˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqC¯
y
srw˜qr
]
(p = 2, 3, ..., Nx − 1; s = 1, Ny) (49)
Bending moment:
Mx =−D
(
Nx+4∑
r=1
B¯xprw˜rs + ν
Ny+4∑
r=1
B¯ysrw˜pr
)
+
g2D
[
Nx+4∑
r=1
D¯xprw˜rs + ν
Ny+4∑
r=1
D¯ysrw˜pr + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqB¯
y
srw˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (50)
My =−D
(
Ny+4∑
r=1
B¯ysrw˜pr + ν
Nx+4∑
r=1
B¯xprw˜rs
)
+
g2D
[
Ny+4∑
r=1
D¯ysrw˜pr + ν
Nx+4∑
r=1
D¯xprw˜rs + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqB¯
y
srw˜qr
]
(p = 2, 3, ..., Nx − 1; s = 1, Ny) (51)
Higher order moment:
M¯x =− g2D
(
Nx+4∑
r=1
C¯xprw˜rs + ν
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqB¯
y
srw˜qr
)
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (52)
M¯y =− g2D
(
Ny+4∑
r=1
C¯ysrw˜pr + ν
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqA¯
y
srw˜qr
)
(p = 2, 3, ..., Nx − 1; s = 1, Ny) (53)
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Concentrated force at the free corner:
R =2D(1− ν)
(
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqA¯
y
srw˜qr
)
−
2g2D(1− ν)
[
Nx+4∑
q=1
Ny+4∑
r=1
C¯xpqA¯
y
srw˜qr +
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqC¯
y
srw˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (54)
here p = 1 and p = Nx correspond to the two edges of the plate at x = 0
and x = lx, respectively. Similarly, s = 1 and s = Ny correspond to y = 0
and y = ly edges.
Once the boundary conditions in Equation (20)-(22), are applied we get a
similar system of equations in the matrix form as given by Equation (44). By
condensing the boundary dofs, the sysem of equations are reduced to the form
as given by Equation (45), and the solution leads to the unknown domain
displacements of the plate. The boundary displacement are post-processed
from Equation (44) and the stress resultants from Equation (50)-(53).
In the above we have formulated the differential quadrature plate ele-
ment based on Lagrange interpolation functions, next, we construct a second
version of quadrature plate element based on mixed Lagrange-Hermite inter-
polation functions.
2.2.2 Mixed interpolation based differential quadrature element
for gradient elastic plates
The differential quadrature plate element presented here is based on mixed
Lagrange-Hermite interpolation, with Lagrangian interpolation is assumed
in x direction and Hermite in y direction. The advantage in the mixed
interpolation based schemes is the mixed derivative dofs at the free corners
of the plate are excluded from the formulation [4]. The deflection for a
Nx × Ny grid mixed interpolation differential quadrature plate element is
assumed as
w(x, y, t) =
N∑
p=1
N+4∑
q=1
Lp(x)Γq(y)w˜pq(t) (55)
where wpq(t) is the displacement vector at grid point (p, q), and L¯p(x), Γ¯q(y)
are the Lagrange and Hermite interpolation functions in x and y directions,
respectively. The Lagrange interpolation functions are derived in section 2.1.
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The Hermite interpolation functions for a 1-D N-node differential quadra-
ture element are presented next. The displacement within the 1-D gradient
element based on C2 continuous Hermite interpolation is assumed as
v(x, y, t) =
N∑
p=1
φp(y)vp + ψ1(y)v
′
1 + ψN(y)v
′
N + ϕ1(y)v
′′
1 + ϕN(y)v
′′
N =
N+4∑
p=1
Γp(y)v¯p
(56)
where, v¯ is the nodal displacement vector, φ, ψ and ϕ are Hermite interpo-
lation functions defined as [30,32]
ϕp(y) =
1
2(yp − yN−p+1)2Lp(y)(y − yp)
2(y − yN−p+1)2(p = 1, N) (57)
ψp(y) =
1
(yp − yN−p+1)2Lp(y)(y − yp)(y − yN−p+1)
2
−
[
2L1p(yp) +
4
yp − yN−p+1
]
ϕp(x) (p = 1, N) (58)
φp(y) =
1
(yp − yN−p+1)2Lp(y)(y − yN−p+1)
2 −
[
L1p(yp) +
2
yp − yN−p+1
]
ψp(y)
−
[
L2p(yp) +
4L1p(yp)
yp − yN−p+1 +
2
(yp − yN−p+1)2
]
ϕp(y) (p = 1, N)
(59)
φp(y) =
1
(yp − y1)2(yp − yN)2Lp(y)(y − y1)
2(y − yN)2 (p = 2, 3, ..., N − 1)
(60)
The nth order derivative of v(y, t) with respect to y is obtained from
Equation (56) as
vn(x, y, t) =
N∑
p=1
φnp (y)vp + ψ
n
1 (y)v
′
1 + ψ
n
N(y)v
′
N + ϕ
n
1 (y)v
′′
1 + ϕ
n
N(y)v
′′
N =
N+4∑
p=1
Γnp (y)v¯p
(61)
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Now expressing the Equation (18), at inner grid points using the Lagrange
and Hermite interpolation, we get
D
[
Nx+4∑
r=1
D¯xprw˜rs + 2
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
2(y)
sr w˜qr +
Ny+4∑
r=1
Γ4(y)sr w˜pr
]
−
g2D
[
Nx+4∑
r=1
F¯ xprw˜rs + 3
Nx+4∑
q=1
Ny+4∑
r=1
D¯xpqΓ
2(y)
sr w˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
4(y)
sr w˜qr+
Ny+4∑
r=1
Γ6(y)sr w˜pr
]
= q¯o(xp, ys)
(p = 2, 3, ..., Nx − 1; s = 2, 3, ..., Ny − 1)
(62)
The boundary forces in Equations (20)-(22), are written as
Shear force:
Vx =−D
(
Nx+4∑
r=1
C¯xprw˜rs + (2− ν)
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqΓ
2(y)
sr w˜qr
)
+
g2D
[
Nx+4∑
r=1
E¯xprw˜rs + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqΓ
4(y)
sr w˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
C¯xpqΓ
2(y)
sr w˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1)
(63)
Vy =−D
(
Ny+4∑
r=1
Γ3(y)sr w˜pr + (2− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
1(y)
sr w˜qr
)
+
g2D
[
Ny+4∑
r=1
Γ5(y)sr w˜pr + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
D¯xpqΓ
1(y)
sr w˜qr + 3
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
3(y)
sr w˜qr
]
(p = 2, 3, ..., Nx − 1; s = 1, Ny)
(64)
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Bending moment:
Mx =−D
(
Nx+4∑
r=1
B¯xprw˜rs + ν
Ny+4∑
r=1
Γ2(y)sr w˜pr
)
+
g2D
[
Nx+4∑
r=1
D¯xprw˜rs + ν
Ny+4∑
r=1
Γ4(y)sr w˜pr + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
2(y)
sr w˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (65)
My =−D
(
Ny+4∑
r=1
Γ2(y)sr w˜pr + ν
Nx+4∑
r=1
B¯xprw˜rs
)
+
g2D
[
Ny+4∑
r=1
Γ4(y)sr w˜pr + ν
Nx+4∑
r=1
D¯xprw˜rs + (3− ν)
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
2(y)
sr w˜qr
]
(p = 2, 3, ..., Nx − 1; s = 1, Ny)
(66)
Higher order moment:
M¯x =− g2D
(
Nx+4∑
r=1
C¯xprw˜rs + ν
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqΓ
2(y)
sr w˜qr
)
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (67)
M¯y =− g2D
(
Ny+4∑
r=1
Γ3(y)sr w˜pr + ν
Nx+4∑
q=1
Ny+4∑
r=1
B¯xpqΓ
1(y)
sr w˜qr
)
(p = 2, 3, ..., Nx − 1; s = 1, Ny)
(68)
Concentrated force at the free corner:
R =2D(1− ν)
(
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqΓ
1(y)
sr w˜qr
)
−
2g2D(1− ν)
[
Nx+4∑
q=1
Ny+4∑
r=1
C¯xpqΓ
1(y)
sr w˜qr +
Nx+4∑
q=1
Ny+4∑
r=1
A¯xpqΓ
3(y)
sr w˜qr
]
(p = 1, Nx; s = 2, 3, ..., Ny − 1) (69)
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here p = 1 and p = Nx correspond to the two edges of the plate at x = 0
and x = lx, respectively. Similarly, s = 1 and s = Ny correspond to y = 0
and y = ly edges.
Once the boundary conditions are applied we get a similar system of
equations in the matrix form as given in Equation (44), and the solution
leads to the unknown displacements of the plate. The stress resultants are
obtained by post-processing the Equations (65)-(69).
3 Numerical Results and Discussion
The efficiency of the proposed differential quadrature beam and plate el-
ements is demonstrated for static analysis. First, the performance of the
beam element is verified, followed by the plate element. The results reported
herein are generated using a single element for different boundary and load-
ing conditions. The classical (deflection, slope and bending moment) and the
non-classical (curvature and higher order moment) quantities related to gra-
dient Euler-Bernoulli beam and Kirchhoff plate are compared with the liter-
ature results for four values of length scale parameter, g = 0.00001, 0.05, 0.1,
and 0.5. For ease of comparison, the proposed (strain gradient) differen-
tial quadrature beam element based on Lagrange interpolation is designated
as SgDQE-L, the plate element based on Lagrange interpolation in x and
y directions as SgDQE-LL and the element based on mixed interpolation
with Lagrange function in x direction and Hermite function in y direction as
SgDQE-LH.
3.1 Differential quadrature element for gradient elastic
Euler-Bernoulli beam
The classical and non-classical boundary conditions used in this study for
different end supports are listed in the section 1.1. The non-classical bound-
ary conditions employed for simply supported gradient beam is w
′′
= 0 at
x = (0, L), the equations related to curvature degrees of freedom are elimi-
nated. For the cantilever beam, results are compared for two different choice
of non-classical boundary conditions. In the first choice, the non-classical
boundary conditions used are w
′′
= 0 at x = 0 and M¯ = 0 at x = L.
The equation related to curvature degrees of freedom at x = 0 is eliminated
and the equation related to higher order moment at x = L is retained. For
the next choice of non-classical boundary conditions we assume, M¯ = 0 at
x = 0 and w
′′
= 0 at x = L. Similarly, for clamped and propped cantilever
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beam the non-classical boundary conditions remains the same, w
′′
= 0 at
x = (0, L).
In what follows, the ability of the beam element is assessed through con-
vergence study and numerical comparisons for various examples. In the first
part, beams subjected to uniformly distributed load (udl) are considered for
different support conditions, later, a simply supported and cantilever beam
with concentrated load are examined. The numerical data used for the anal-
ysis of beams is as follows: Length L = 1, Young’s modulus E = 3 × 106,
Poission’s ratio ν = 0.3 and load qb = 1.
3.1.1 Static analysis of gradient elastic beams under uniformly
distributed load
The results reported here for beams with udl are nondimensional as, deflec-
tion : wb = 100EIw/qbL
4, bending moment (BM): Bbm = M/qbL
2, curvature
:w
′′
b = w
′′
L and higher moment : Hbm = M¯/qbL
3. Four support conditions
for the beam are considered in this study, simply supported, clamped, can-
tilever and propped cantilever. In Appendix-I, the procedure used to obtain
the exact solutions for different boundary conditions for a gradient elastic
Euler-Bernoulli beam under udl is explained. These exact solutions are used
to compare the results obtained using SgDQE-L beam element.
In Figure 3, the convergence of maximum nondimensional deflection ob-
tained using SgDQE-L element for a simply supported gradient beam sub-
jected to udl is shown. The results are compared with exact solutions for
g/L = 0.1. It can be noticed that the convergence is faster for SgDQE-L ele-
ment, with deflection approaching to exact value with 11 grid points. Similar
trend is noticed in the the Figure 4, for a clamped beam. Hence, from the
above findings, it can be inferred that the accurate solutions can be obtained
using single SgDQE-L element with fewer number of nodes.
In the following tables classical and non-classical quantities are compared
for different boundary conditions and g/L values. The number of grid points
employed to generate the tabulated results is N = 11. In Table 1, the clas-
sical and non-classical quantities are given for a simply supported beam and
compared with exact solutions for various g/L. The deflection and curvature
are computed at center of the beam x = L/2, the slope and higher order
moment at x = 0. Hence, the classical and non-classical quantities obtained
using SgDQE-L are highly accurate and this consistency is maintained for
all the g/L values.
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Figure 3: Convergence of maximum nondimensional deflection for a simply
supported beam under a udl (g/L=0.1).
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Figure 4: Convergence of maximum nondimensional deflection for a clamped
beam under udl (g/L=0.1).
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Response g/lx 0.00001 0.05 0.1 0.5
wb (x=L/2) SgDQE-L 1.3021 1.2702 1.1868 0.3767
Exact 1.3021 1.2715 1.1869 0.3767
w
′
b (x=0) SgDQE-L 0.1667 0.1620 0.1506 0.0476
×10−5 Exact 0.1667 0.1622 0.1507 0.0475
w
′′
b (x=L/2) SgDQE-L 0.5000 0.4896 0.4605 0.1480
×10−5 Exact 0.4999 0.4900 0.4605 0.1480
Hbm (x=0) SgDQE-L 0.0000 1.1188 3.9986 29.8007
×10−3 Exact 0.0000 1.1250 4.0000 29.8007
Table 1: Comparison of deflection, slope, curvature and higher order moment
for a simply supported beam under a udl.
Response g/lx 0.00001 0.05 0.1 0.5
wb (x=L/2) SgDQE-L 0.2604 0.1675 0.1028 0.0083
Exact 0.2604 0.1678 0.1028 0.0083
w
′
b (x=0.2061L) SgDQE-L 3.2059 2.1478 1.2859 0.1003
×10−5 Exact 3.1759 2.0642 1.2113 0.0931
w
′′
b (x=L/2) SgDQE-L 16.6667 12.9666 8.8951 0.7918
×10−5 Exact 16.6667 12.9663 8.8957 0.7919
Bbm(x=0) SgDQE-L 83.3333 90.0131 94.0388 99.5440
×10−3 Exact 83.3324 90.0926 94.1643 99.5440
Hbm(x=0) SgDQE-L 0.0000 3.4210 5.4176 8.1053
×10−3 Exact 0.0000 3.3796 5.4156 8.1054
Table 2: Comparison of deflection, slope, curvature, bending moment and
higher order moment for a clamped beam under a udl.
The Tables 2 contains the results for a clamped beam. For the clamped
beam the deflection and curvature are obtained at x = L/2, were as the
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bending moment and higher order moment is computed at x = 0 and the
slope is evaluated at x = 0.2061L. From the above tabulated results it can
be concluded that the solutions obtained using SgDQE-L element with 11
grid points are in excellent agreement with the exact solutions for all the
boundary conditions and g/L values considered.
In the above results the accuracy of the SgDQE-L element was verified at
a particular location of the beam. Next, we demonstrate the accuracy along
the length of the beam for g/L = 0.1 and 0.5. The results are obtained using
11 grid points. Figures 5-8, illustrate the variation of deflection, slope, cur-
vature and higher order moment, respectively, along the length for a simply
supported beam. The results obtained using SgDQE-L element show perfect
fit with the exact solution for both g/L = 0.1 and g/L = 0.5.
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Figure 5: Deflection variation along the length for a simply supported beam
under udl.
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Figure 6: Slope variation along the length for a simply supported beam under
udl.
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Figure 7: Curvature variation along the length for a simply supported beam
under udl.
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Figure 8: Higher order moment variation along the length for a simply sup-
ported beam under udl.
From the above observations it can be stated that SgDQE-L element can
be efficiently applied to study the static behaviour of gradient elastic Euler-
Bernoulli beam for any choice of intrinsic length and boundary condition.
3.1.2 Static analysis of gradient elastic beams under point load
To establish the capability of the SgDQE-L element for beams under con-
centrated load, two examples are considered, a cantilever beam with tip
load and a simply supported beam with mid point load. The results re-
ported here for beams with point load are nondimensional as, deflection :
wb = 100EIw/qbL
3, bending moment : Bbm = M/qbL, curvature : w
′′
b = w
′′
L
and higher order moment : Hbm = M¯/qbL
2. In the Figure 9, the convergence
of the nondimensional tip deflection for a cantilever beam is shown. The com-
parison is made with finite element results [50] and exact solutions [54]. The
SgDQE-L element exhibit excellent and rapid convergence behaviour with
15 grid points. In Table 3, nondimensional deflection, slope and curvature
at the tip for 15 grid points are given. The SgDQE-L element demonstrates
good comparison with literature results for all the quantities.
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Figure 9: Deflection convergence for a cantilever beam under a tip point load
(g/L=0.1).
Response g/lx 0.00001 0.05 0.1 0.5
SgDQE-L 33.3337 28.5784 24.4330 8.8922
wb (x=L) Exact [54] 33.3323 28.5958 24.4332 8.8922
FEM [50] 33.3323 28.5958 24.4331 8.8922
SgDQE-L 1.9994 1.8086 1.6400 0.8061
w
′
b (x=L) Exact [54] 1.9994 1.8066 1.6266 0.8060
×10−3 FEM [50] 1.9994 1.8099 1.6400 0.8061
SgDQE-L 0.0016 20.3508 40.1058 86.4905
w
′′
b (x=L) Exact [54] 0.0016 19.9999 39.9636 86.4846
×10−5 FEM [50] 0.0016 19.9999 39.9636 86.4846
Table 3: Comparison of deflection, slope and curvature for a cantilever beam
under a tip point load.
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Figure 10: Deflection variation along the length for a cantilever beam under
a tip load.
To verify the accuracy of the SgDQE-L element along the length of the
beam, tip displacement is plotted in Figure 10, and compared with exact
solution [54] for g/L = 0.05 and 0.1. It is evident from the graph that the
SgDQE-L element compares well with the exact solution for both g/L = 0.05
and 0.1.
In the Figure 11, the convergence of the nondimensional center deflection
for a simply supported beam under mid point load is plotted for g/L = 0.1.
The literature results used to compare the solution are obtained using two
finite elements [50]. The Dirac-delta technique is employed here to represent
the concentrated load accurately [4,53] and similar grid is used as in Ref. [53]
to produce the results. The observations indicate the SgDQE-L element
display faster convergence with 13 grid points. In Table 4, nondimensional
deflection, slope and curvature are tabulated for comparison. The SgDQE-L
results agree well with the finite element solutions for all the quantities and
g/L values.
Hence, single SgDQE-L element with less number of grid points yield
accurate results for beams with concentrated load.
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Figure 11: Non-dimensional deflection convergence for a simply supported
beam under a mid point load.
Response g/lx 0.00001 0.05 0.1 0.5
wb (x=L) SgDQE-L 0.0208 0.0267 0.01883 0.0059
Exact 0.0208 0.0267 0.01883 0.0059
w
′
b (x=L) SgDQE-L 0.2499 0.2450 0.2303 0.0740
×10−3 Exact 0.2500 0.2450 0.2303 0.0740
w
′′
b (x=L) SgDQE-L 0.9349 0.8854 0.7950 0.2382
×10−3 Exact 0.9999 0.9000 0.8000 0.2384
Table 4: Comparison of deflection, slope and curvature for a simply supported
beam under a mid point load.
3.2 Differential quadrature element for a gradient elas-
tic Kirchhoff plate
In this section, the performance of the two proposed differential quadrature
plate elements SgDQE-LL and SgDQE-LH is validated. Three different ex-
ample problems are considered here, a rectangular plate with udl, a square
plate subjected to central point load and a plate under cylindrical bending.
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Comparison is made with available literature results for different boundary
conditions and g/lx values. For the example problems were gradient plate
solutions are not available in the literature, comparison is made with the
classical solutions. The boundary conditions used in the examples are de-
scribed by a notation, for example, a cantilever plate is represented as CFFF,
the first and second letter correspond to x = 0 and y = 0 edges, similarly,
the third and fourth letter correspond to the edges x = lx and y = ly, re-
spectively. Further, the letter S, C and F correspond to simply supported,
clamped and free edges of the plate. The number of grid points in either
direct are assumed to be equal, N = Nx = Ny. The numerical data used for
the analysis of plates is: length lx = 1, width ly = 1, thickness h = 0.01,
Young’s modulus E = 3 × 106, Poission’s ratio ν = 0.3 and load q¯o = 1.
The deflections reported herein are nondimensional as, w¯p = 100Dw¯/q¯0l
4
x
for udl and w¯p = 100Dw/q¯0l
2
x for point load. Similarly, the bending mo-
ment and higher order moment are nondimensional as, Bpm = Mx/q¯0l
2
x and
Hpm = M¯x/q¯0l
3
x, respectively. The curvature is nondimensional as curvature :
w
′′
p = w
′′
lx
The non-classical boundary conditions employed for SSSS gradient plate
are wxx = 0 at x = (0, lx) and wyy = 0 at y = (0, ly), the equations related to
curvature degrees of freedom are eliminated. The size of the resulting non-
zero boundary degrees of freedom vector ∆b after eliminating the equations
related zero classical and non-classical boundary degrees of freedom is 4N−8,
which is similar to classical simply supported plate. For a CCCC plate the
non-classical boundary conditions used are wxx = 0 at x = (0, lx) and wyy = 0
at y = (0, ly), as a result, the size of boundary degrees of freedom vector is
zero. Similarly, for CFFF cantilever plate, conditions employed are wxx = 0
at x = 0, M¯x = 0 at x = lx and M¯y = 0 at y = (0, ly), and this leads to the
size of ∆b as 9N − 8.
3.2.1 Static analysis of gradient Kirchhoff plates under uniformly
distributed load
In this study, a SSSS, CCCC square plate and a rectangular cantilever plate
CFFF (ly = 2 lx) under udl are analysed. In Figure 12, the convergence
of nondimensional deflection for a SSSS plate with g/lx = 0.1 is plotted for
SgDQE-LL and SgDQE-LH elements and compared with analytical solutions
[48]. The analytical solutions are obtained using 100 terms in the series.
The SgDQE-LL and SgDQE-LH elements demonstrate faster convergence to
exact solution with Nx = Ny = 11, grid points. In Figures 13 and 14, the
convergence behaviour for CCCC and CFFF plates obtained using SgDQE-
LL and SgDQE-LH are illustrated. As the analytical solutions for gradient
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elastic CCCC and CFFF plates are not available in the literature, only the
convergence trend for SgDQE-LL and SgDQE-LH elements are shown. Both
the elements converge with 11 and 17 grid points for CCCC and CFFF plates
respectively. The deflection for SSSS and CCCC plate is computed at centre
(lx/2, ly/2) .and for CFFF plate at (lx, ly/2).
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Figure 12: Deflection convergence for a SSSS gradient elastic plate under a
udl (g/lx = 0.1)
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Figure 13: Deflection convergence for a CCCC gradient elastic plate under a
udl (g/lx = 0.1).
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Figure 14: Deflection convergence for a CFFF gradient elastic plate under a
udl (g/lx = 0.1).
In Table 5, the nondimensional deflection for a SSSS plate computed
for different g/lx values is shown. The SgDQE-LL and SgDQE-LH elements
demonstrate excellent agreement with the analytical solutions [48] for all g/lx
values. For the CCCC and CFFF plate the classical solution is compared
with SgDQE-LL and SgDQE-LH results for lower value of g/lx = 0.00001.
However, for higher values of g/lx only solutions obtained using SgDQE-
LL and SgDQE-LH are tabulated and they show good comparison. Similar
accuracy is seen in Table 6-8, for slope, curvature and higher order moment,
respectively, obtained for different boundary conditions of the plate. All
the results presented here for SSSS and CCCC plates are obtained using
Nx=Ny=15, and for CFFF plate Nx=Ny=17 is used.
In the above, the classical and non-classical quantities are compared with
the analytical solutions for SSSS plate and excellent match is verified. For
the example problems were analytical solutions are not available, SgDQE-
LL and SgDQE-LH elements produce identical results for CCCC and CFFF
plates. From the above findings, it can be ascertain that the SgDQE-LL
and SgDQE-LH elements with less number of grid points can be efficiently
applied to study the static behaviour of gradient plates under udl. Next, we
illustrate the applicability of the above elements for plates with concentrate
loads.
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Support g/lx 0.00001 0.05 0.1 0.5
SSSS SgDQE-LL 0.4062 0.3884 0.3423 0.0697
wp(
lx
2
, ly
2
) SgDQE-LH 0.4062 0.3902 0.3481 0.0763
Ref. [49] 0.4062 0.3884 0.3423 0.0697
CCCC SgDQE-LL 0.1265 0.0803 0.0476 0.0036
wp(
lx
2
, ly
2
) SgDQE-LH 0.1265 0.0803 0.0476 0.0036
Exact [4] 0.1265 —— —— ——
CFFF SgDQE-LL 12.7770 10.3975 8.5059 2.6490
wp(lx,
ly
2
) SgDQE-LH 12.7742 10.3434 8.4848 2.6888
Ref. [28] 12.87 —— —— ——
Table 5: Comparison of nondimensional deflection for a gradient plate under
a udl.
support g/lx 0.00001 0.05 0.1 0.5
SSSS SgDQE-LL 4.9074 4.6455 4.0407 0.8067
w
′
p(lx,
ly
2
) SgDQE-LH 4.9075 4.7177 4.0426 0.8013
Ref. [49] 4.7579 4.5341 3.9735 0.8017
CCCC SgDQE-LL 1.2424 0.6417 0.3276 0.0218
w
′
p(0.188lx,
ly
2
)SgDQE-LH 1.2424 0.6417 0.3276 0.0218
CFFF SgDQE-LL 61.9813 53.1975 46.2014 20.3113
w
′
p(lx,
ly
2
) SgDQE-LH 61.9832 52.7951 45.9788 20.6468
Table 6: Comparison of slope for a gradient plate under a udl.
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support g/lx 0.00001 0.05 0.1 0.5
SSSS SgDQE-LL 13.4080 12.9528 11.6342 2.4499
w
′′
p (
lx
2
, ly
2
) SgDQE-LH 13.4090 12.9896 11.7773 2.6562
Ref. [49] 13.4082 12.9533 11.6342 2.4499
CCCC SgDQE-LL 6.4122 4.9539 3.3135 0.2766
w
′′
p (
lx
2
, ly
2
) SgDQE-LH 6.4123 4.9628 3.3151 0.2766
CFFF SgDQE-LL 0.4740 1.2650 3.8418 18.6090
w
′′
p (lx,
ly
2
) SgDQE-LH 0.5423 1.2650 2.8795 18.9998
Table 7: Comparison of nondimensional curvature for a gradient plate under
a udl.
support g/lx 0.00001 0.05 0.1 0.5
SSSS SgDQE-LL 0.0000 0.5194 1.6666 7.5376
Hpm(0,
ly
2
) SgDQE-LH 0.0000 0.5189 1.6662 7.5367
Ref. [49] 0.0000 0.3999 1.4006 7.0646
CCCC SgDQE-LL 0.0000 2.0802 3.3107 4.8114
Hpm(0,
ly
2
) SgDQE-LH 0.0000 2.0781 3.3133 4.8191
CFFF SgDQE-LL 0.0000 23.0985 41.6790 113.1579
Hpm(0,
ly
2
) SgDQE-LH 0.0000 22.9233 41.5215 114.2411
Table 8: Comparison of nondimensional higher order moment for a gradient
plate under a udl.
3.2.2 Static analysis of gradient Kirchhoff plate under point load
To represent the concentrate load accurately the Dirac-delta technique is
employed [4, 53]. In Table 9, the nondimensional defection for CFCF, SFSF
and SFCF plates subjected to central point load are presented. Simlar grid
is used as in Ref. [4] to generate the results. The solutions obtained using
SgDQE-LL and SgDQE-LH elements for g/lx = 0.00001 are compared with
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classical solutions. Due to non-availability of gradient plate solutions, com-
parison is made between SgDQE-LL and SgDQE-LH elements for higher g/lx
values. The results for g/lx = 0.00001 agree well with the classical solutions
and close proximity is seen in results obtained by SgDQE-LL and SgDQE-LH
elements for higher g/lx values.
support g/lx 0.00001 0.05 0.1 0.5
SgDQE-LL 0.7668 0.5472 0.3458 0.02867
CFCF SgDQE-LH 0.7518 0.5452 0.34409 0.02845
DQM [4] 0.7601 —— —— ——
FEM [4] 0.7648 —— —— ——
SgDQE-LL 2.3373 2.2508 2.0459 0.6145
SFSF SgDQE-LH 2.3389 2.2527 2.0529 0.6158
DQM [4] 2.3172 —— —— ——
FEM [4] 2.3217 —— —— ——
SgDQE-LL 1.1591 0.8644 0.6266 0.0761
SFCF SgDQE-LH 1.1605 0.8596 0.5950 0.0664
DQM [4] 1.1519 —— —— ——
FEM [4] 1.1566 —— —— ——
Table 9: Comparison of nondimensional central deflection wp(
lx
2
, ly
2
) for a
gradient plate under a central point load.
3.2.3 Gradient Kirchhoff plate under cylindrical bending
A gradient plate with two opposite sides clamped (x = 0, lx) subjected to
udl and under cylindrical bending is analysed. The maximum deflection
obtained using SgDQE-LL and SgDQE-LH elements with 15 grid points are
compared with analytical solutions [49] in Table 10. The results obtained
using both elements are in excellent match with the analytical solutions for
all g/lx values considered.
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support g/lx 0.00001 0.05 0.1 0.5
Cylindrical SgDQE-LL 0.2604 0.1678 0.1028 0.0083
bending SgDQE-LH 0.2629 0.1692 0.1028 0.0083
Ref. [49] 0.2583 0.1678 0.1028 0.0083
Table 10: Comparison of maximum nondimensional deflection for a gradient
plate under cylindrical bending.
4 Conclusion
A novel differential quadrature beam element was proposed to solve a sixth
order partial differential equation associated with non-classical beam theo-
ries. This methodology was extended to formulate two new and different
versions of differential quadrature plate elements for non-classical gradient
elasticity theory. A new way to account for the non-classical boundary con-
ditions associated with the gradient elastic beam and plate theories was in-
troduced. The efficiency of the proposed elements was established through
application to flexural problems of beams and plates.
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APPENDIX
Analytical solutions for static analysis of gradient elastic
Euler-Bernoulli beam
To obtain the static deflections of the gradient elastic Euler-Bernoulli beam
which is governed by Equation 8, we assume a solution of the form
w(x) = c1x
3 + c2x
2 + c3x+ c4 + c5 g
4 sinh(x/g) + c6 g
4 cosh(x/g)− (qb/24EI)x4
(A1)
The constants c1 − c6 are determined with the aid of boundary conditions
listed in Equation (9) and (10). After applying the boundary conditions the
system of equations are expressed as:
[K]{δ} = {f} (A2)
here K is the coefficient matrix, f is the vector corresponding to the load
and {δ} = {c1, c2, c3, c4, c5, c6} is the unknown constant vector to be deter-
mined. Once the unknown constants are determined then the displacement
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solution is obtained from the Equation (A1). The slope and curvature at any
point along the length of the beam can be obtained by performing the first
and second derivatives of the deflection. The shear force, bending moment
and higher moment are obtained by substituting the Equation (A1) in Equa-
tions(9) and (10). The following are the expressions for support reactions:
Shearforce : V =6EIc1 − qbx
EI
Bendingmoment : M =2EI(c2 + 3c1x) +
qb
EI
[
g2 − x
2
2
]
Highermoment : M¯ =6EIg2c1 + EIg
3cosh(x/g)c5 + EIg
3sinh(x/g)c6 − qbg2x
The following are the list of simultaneous equations to determine the un-
known constants for different boundary conditions:
(a) Simply supported beam :
[K] =

0 0 0 1 0 g4
0 2 0 0 0 0
L3 L2 L 1 g4 sinh(L/g) g4 cosh(L/g)
6L 2 0 0 0 0
0 2 0 0 0 g2
6L 2 0 0 g2 sinh(L/g) g2 cosh(L/g)

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f =

0
g2qb/EI
−qbL4/24EI
g2qb/EI − qbL2/2EI
0
−qbL2/2EI

(c) clamped beam :
[K] =

0 0 0 1 0 g4
0 0 1 0 g3 0
L3 L2 L 1 g4 sinh(L/g) g4 cosh(L/g)
3L2 2L 1 0 g3 cosh(L/g) g3 sinh(L/g)
0 2 0 0 0 g2
6L 2 0 0 g2 sinh(L/g) g2 cosh(L/g)

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f =

0
0
−qbL4/24EI
−qbL3/6EI
0
−qbL2/2EI

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